Contents

Let = [0,1] (sample space), F be the o-field generated by events [a, b] for
any 0 <a <b<1and P[[a,b]] =b—a be the Lebesgue measure (also a prob-
ability measure), thereby (€, F, P) forming a probability space. Let us consider
some examples for illustrating the convergence in probability and almost sure
convergence of random sequences defined on this probability space.

Let Y, forn=1,2,...,m=1,...,n be random variables defined as
£ —
Ynm(w): 1, LUEAn.,m—Q\[(m 1)/n7m/n]
1 0, otherwise

and thus P[Y,, ,, =1]=1—-1/n and P[Y,, =0] =1/n for all m. Let X =1
and X, be a random sequence defined by Y, ,,, as follows

(0.1)

}/1,1 = le
Yo 1= Xa, Yo = X3,

Yn,l = Xn(nfl)/2+17 v 7Yn,n = Xn(n+1)/2a

Then for 0 < € < 1 we have
P[An,m] = P[|Xn(n71)/2+m - X| < 6]
1 (0.2)
= P[Xn(nfl)/2+m = 1] =1--

n

implying that
lim P[| X} — X| <€ = lim P[|Y,m — X| <€ =1,
k—o0 n—00

i.e., X converges to X =1 in probability. However, for any w* € 2 and any
finite positive integer N, there exists at least an A, such that w* € AT, =
[(m —1)/n,m/n] where n(n —1)/2+m > N. In other words, it is impossible
that | Xj(w*) — X (w*)] <€ for all k> N, or it must be true that

N ) Auw =0

n>N m=1
implying that Xj does not converge almost surely to X = 1.

Consider another random sequence X}, defined as follows.

1, wed,200,F_(0.5)"

Xiw) = {O, otherwise (0.3)

and so P[ X =1] = 2521(0.5)" and P[X, =0] =1 — P[X} = 1]. It can be seen
that A, C Ay = {w: | Xp(w) — X(w)| < €} for m < k and 0 < e < 1. Thus

nlliinoo{Bmé F] Ak} =[0,1) =2\ {1}

k=m
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implying that Xj converges to X =1 with probability 1 since P[[0,1)] = 1.
Surely, X converges to X =1 in probability as well since almost sure con-
vergence implies convergence in probability.



